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Abstract : The wake of a streamwise oscillating cylinder is presently investigated. The Reynolds 
number investigated is 300, based on the cylinder diameter d. The cylinder oscillates at an 
amplitude of 0.5d and a frequency fe/fs = 1.8, where fe is the cylinder oscillating frequency and fs 
is the natural vortex shedding frequency of a stationary cylinder. Under these conditions the 
flow is essentially two dimensional. A two-dimensional direct numerical simulation (DNS) 
scheme has been developed to calculate the flow. The DNS results display a street of binary 
vortices, each containing two counter-rotating vortical structures, symmetrical about the 
centerline, which is in excellent agreement with measurements. The drag and lift on the 
cylinder have been examined. The time averaged drag and lift are 1.4 and 0, respectively, which 
are the same as those on a stationary cylinder at the same Re. However, the fluctuating drag 
was high, about 2.68. It has been found that, being symmetrically formed about the centerline, 
the binary vortices induce an essentially zero fluctuating lift, which may have a profound 
implication in flow control and engineering.  

Keywords : Binary vortex, Streamwise oscillating cylinder, Vortex formation mechanism. 

1. Introduction 
The wake of an oscillating structure is frequently seen in engineering, such as flow around cable-
stayed bridges, power lines, offshore structures and skyscrapers. It is therefore of both fundamental 
and practical significance to investigate how the wake of an oscillating cylinder behaves. Previous 
studies mostly focused on the transverse oscillation of one or more cylinders, perhaps because the 
fluctuating lift force on a structure is in many situations, say in an isolated stationary cylinder case, 
one order of magnitude larger than the drag force. Subsequently the lateral structural oscillation 
prevails against that in the streamwise direction. However, the streamwise force can be significant. 
Structural failure may result from synchronization between the fluid excitation force and the 
system natural frequency in the streamwise direction. One example is the damage of piling during 
the construction of an oil terminal on the Humber estuary of England in 1960s (Griffin and 
Ramberg, 1976). The problem of streamwise oscillation could be particularly severe when a lightly 
damped cylindrical structure is used in water.  

There have been a limited number of studies involving a streamwise oscillating cylinder in a 
cross-flow. These studies have uncovered many important aspects of physics associated with a 
streamwise oscillating cylinder wake. For example, It is now established that the flow structure is 
dependent on the combination of A/d and fe/fs (Karniadakis and Triantafyllou, 1989), where fe is the 
excitation frequency and fs is the natural vortex shedding frequency of a stationary cylinder, A and 
d are the oscillation amplitude and the diameter of cylinder, respectively.  Ongoren and Rockwell 
(1988) classified the flow structure (A/d = 0.13 ~ 0.3, fe/fs = 0.5 ~ 4.0) into 4 modes, i.e., S mode for 
the symmetric vortex formation and A-I, III, IV modes for the anti-symmetric vortex formation. 
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However, the cylinder oscillation amplitude previously investigated has been relatively small (A/d 
≤  0.3). In engineering, the structural oscillation amplitude could be in the order of one cylinder 
diameter or even significantly larger. Xu et al. (2006) examined experimentally the flow structure 
behind a streamwise oscillating cylinder at a relatively large A/d (= 0.5) for fe/fs = 0 ~ 3.1 and 
observed a new flow structure, consisting of a street of symmetric binary vortices. However, due to 
the limitation of experiments, many aspects of the physics for this new flow structure remain to be 
clarified. For example, there is no information on the pressure field of the flow; the drag and lift 
forces associated with the flow structure is not available. The present work aims to conduct direct 
numerical simulation on this flow, thus complementing the experimental investigation. The 
numerical scheme is described in Section 2. The results are presented and discussed in Section 3. 
This work is concluded in Section 4. 

2. Numerical Formulation 
In the present numerical simulation an incompressible flow past a streamwise oscillating circular 
cylinder is considered. The Reynolds number, Re ( νdU ∞≡ , where ∞U  is the free-stream velocity, 
d the cylinder diameter and ν the kinematic viscosity), investigated is 300. At this Re, experimental 
data indicated a predominantly two-dimensional (2-D) flow (Xu et al., 2006). Therefore, a 2-D direct 
numerical simulation (DNS) is considered to be adequate and subsequently used for the calculation 
of the flow. The cylinder is allowed to oscillate, as specified by  

( )sin(2 )t ex d A d f tπ= , yt = 0, (1)  
where t  is time, xt and yt denote the cylinder position relative to the non-oscillating case. A/d and 
fe/fs are 0.5 and 1.8, respectively, following the experimental conditions (Xu et al., 2002).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The cylindrical-polar coordinate system is used to generate the grid, providing good body-fit and 
accuracy. The circular computational domain is 30d, divided into inner, outer and transition regions 
(Figs. 1 (a)-(b)) in view of the cylinder oscillation. The inner region (r < 1.5) is fixed to the oscillating 
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Fig. 1.  (a)-(b) Three regions of the computational domain. (c) The coordinate system. 
(d) O-type computational grid. (e) HO-hybrid grid. 
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Fig. 1. (a)-(b) Three regions of the computational domain; (c) The coordinate system;
(d) O-type computational grid; (e) HO-hybrid grid.  
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cylinder, whose coordinate system is therefore non-inertial. At the boundaries of the transition 
region (1.5d < r < 10d), grid lines have been designed to ensure smoothness in terms of both grid 
spacing and grid velocity. This region is also in non-inertial frame with a decaying grid speed as r 
increases. Total mesh number is about 250 × 120 (θ  by r ). Note that the grid density is not 
uniform (Fig. 1(c)). A computational domain of 50d × 30d was tested with HO-hybrid grid system 
(Fig. 1(d)). The effect of the grid system on the flow structure is expectedly insignificant (not shown). 
The non-dimensional time step used in the calculation is (1/fe)/128. 

The governing equations for the flow are given by continuity and Navier-Stokes equations. 
With the frame of reference fixed to the oscillating cylinder in the inner region of the computational 
domain (Fig 1(c)), the Navier-Stokes equations may be written in terms of the curvilinear 
coordinates, ),,( tyxξξ = , ),,( tyxηη =  and ),,( tyxττ =  in space and time, viz. 
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                            (2) 

Here, the velocities u and v are still defined in the inertial Cartesian reference frame in the 
directions of x and y, respectively; τx  and yτ  represents the grid speeds in the in-line and cross-
flow directions defined in eq.(1). At the outer region of the computational domain the grid speeds 
are all zero as the inertial Cartesian grid system is adopted. In the transition region, the linear 
interpolation of the grid speed τx  is employed to provide smooth variation between the inner and 
outer regions.  Also, the variables p, ρ and J are the pressure, density and Jacobean of the two 
coordinate systems.  

Since the present numerical simulation is based on finite-volume approach, the flow 
governing equations are thus further written in the integral form:  

[ ]� �� =⋅−+
S VbV

dVSddV
dt
d

φφρρφ SVV )(                                                                                    (3) 

where φ =1, V   denotes the continuity and momentum equations, respectively,  bV  and φS  
represent the grid velocity vector and the corresponding source terms, respectively.  No-slip 
boundary condition is applied to the cylinder, i.e. the fluid velocity on the cylinder surface equals to 
the cylinder oscillation velocity. At the exit of the computation domain, zero convection is assumed 
to suppress boundary disturbances, i.e., 

0// =+ dxdudtd m ψψ                                                                                                               (4) 
where ψ  can be an arbitrary transport quantity, but it particularly refers to the velocities here, 
and mu  represents the average u-velocity at the exit boundary (Orlanski, 1976; Saha, 2004). 

3. Presentation of Results 
The structural oscillation and vortex shedding may be locked in or may not. The oscillation 
frequency at which the lock-in occurs depends on the direction of the structural oscillation. For a 
laterally oscillating structure, the lock-in occurs when the oscillation frequency is close to the 
natural vortex shedding frequency. On the other hand, for a streamwise oscillating structure, the 
lock-in takes place when the oscillation frequency is near the double of the natural vortex shedding 
frequency. This is because the frequencies of the oscillating lift and drag on a stationary cylinder 
are equal to and twice the vortex shedding frequency, respectively (Nobari and Naderan, 2006). 
Here, the term lock-in is defined as the case where the oscillation frequency is not equal (for 
transverse oscillation) or twice (for streamwise oscillation) the natural vortex shedding frequency, 
but vortex shedding from the oscillating cylinder occurs at the excitation frequency. The present 
investigation focused on the streamwise locked-in state. Xu et al. (2006) observed a symmetric 
binary vortex street behind a streamwise oscillating cylinder (fe/fs = 1.74 ~ 3.08, for A/d = 0.5, Re = 
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500). The binary vortex formation occurred in synchronization with the oscillating cylinder. In order 
to compare with the experimental data, calculation was conducted for fe/fs = 1.8, A/d = 0.5 and Re = 
300, which were close to the experimental conditions (Xu et al., 2006).  

A2 
A1 A3 

(b)

A3 
A2 (anti-clockwise) 

A1 (clockwise) 

(a)

Binary vortex 

Fig. 2. Comparison between DNS result and measurements. (a) Vorticity contours from DNS, Re = 
300, fe/fs = 1.8; (b) measured streaklines (Xu et al. 2006), Re = 500. A/d = 0.5, fe/fs =1.74. 
Flow is left to right.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The calculated vorticity contours display a symmetrically formed binary vortex street (Fig. 

2(a)). Each binary vortex encloses two counter-rotating vortices. The flow structure appears the 
same as that (Fig. 2(b)) shown by streaklines measured using the laser-induced fluorescence (LIF) 
flow visualization technique (Xu et al., 2006). The contours (not shown) at different time indicate 
that, when the cylinder moves oppositely to the flow direction in the backward stroke, one clockwise 
rotating vortex, A1, on the rear surface above the centerline  forms due to the natural vortex 
shedding (see Fig. 3(a)). As the cylinder moves in the flow direction in the forward stroke, the fluid 
near the cylinder wall goes along with the cylinder under the viscosity effect, but the fluid further 
away now moves oppositely (right to left) relative to the cylinder. Therefore, a vortex of the anti-
clockwise sense, A2 (above the centerline), begins forming on the front surface (see Fig. 3(b)). 
During the forward stroke, the maximum cylinder velocity is estimated to be about 1.18 times that 
of fluid, implying that the cylinder moves at a higher velocity than fluid for part of the forward 
stroke and the relative velocity of fluid with respect to the cylinder is right to left; this could be 
confirmed from the induced negative time-dependent drag on the cylinder, which will be discussed 
later.  

It can be found easily that the maximum relative velocity of fluid during the forward stroke 

Fig. 2. Comparison between DNS result and measurements. (a) Vorticity contours from
DNS, Re = 300, fe/fs = 1.8; (b) measured steaklines (Xu et al., 2006), Re = 500, A/d =
0.5, fe/fs = 1.74. Flow is left to right. 
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Fig. 3. Sketch of vortex formation during the backward and forward strokes of the cylinder. 
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Fig. 3. Sketch of vortex formation during the backward and forward stokes of the cylinder.
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corresponds to an instantaneous Rer ( νdU r≡ ) = 54, where Ur (= 2πfeA  - U∞  = 0.18U∞) is the 
relative velocity of fluid with respect to the cylinder. As is well known, the creeping flow (no flow 
separation from the cylinder) occurs for Re < 5. At a higher Re range, i.e., 5 < Re < 30-47, steady 
flow separation takes place, which is accompanied by symmetrically formed twin steady vortex 
behind the cylinder, and alternating vortex shedding persists for Re > 30-47 (e.g., Zdravkovich, 
1997; Schlichting and Gersten, 2000). It seems plausible that, once the instantaneous Rer is in the 
range of 5 ~ 54 during the forward stroke, flow separation may occur, forming possibly symmetrical 
twin vortex on the front surface of the cylinder (Fig. 3(b)). An interesting feature seen in Fig. 2 is 
that A1 is larger in size and peak vorticity than A2. This is due to fact that the cylinder confronts a 
significantly higher relative flow-velocity in backward stroke than in the forward stroke.     

One question may arise: why are the two same-side vortices, A1 and A2, close to each other 
behind the cylinder even though they are shed in two different cylinder oscillation strokes? During 
the backward stroke when vortex A1 starts to form, the cylinder carries A1, moves oppositely to the 
flow and releases it near the left end of the stroke (Fig. 3). Naturally, A1 has relatively low absolute 
convective velocity. In the following forward stroke, A1 now moves downstream. Meanwhile, vortex 
A2 starts to form, which is carried by the cylinder to the right and is released when the cylinder 
approaches the right end of the stroke. Apparently, A2 should have a higher absolute convective 
velocity than A1. Note that the horizontal component of the viscous force in the shear layer near the 
cylinder is negative and positive for the backward and forward strokes, respectively (Fig. 4). This 
force could be also partially responsible for the decrease and increase in the absolute convective 
velocity of vortices A1 and A2, respectively. As a result, A1 and A2 move close to each other, forming a 
binary vortex just behind the cylinder.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As the binary vortex evolves downstream, A2 occurs nearer to the free-stream than A1. A1 and 

A2 are associated with negative and positive spanwise vorticity zω  ( yuxv ∂∂−∂∂≡ // ), respectively 
(Fig. 2(a)). Above the wake centerline, the mean vorticity 0/ <∂−∂≈ yuzω , which tends to cancel  A2. 
Alternatively, noting xv ∂∂ /  << yu ∂∂ /  (Xu et al. 2006), zω  ≈ - yu ∂∂ / , we may say that A1 ( zω  ≈ - 

yu ∂∂ /  < 0) and A2 ( zω  ≈ - yu ∂∂ /  > 0) are under favorable and unfavorable streamwise velocity 
gradients, respectively. As a result, A2 collapses rapidly, but A1 persists longer, as shown in both 
DNS and experimental results (Fig. 2). Being the size and peak vorticity of A2 smaller than those of 
A1 is another cause of the rapid collapse of A2. Similar phenomenon occurs on the other side of the 
cylinder simultaneously, forming symmetrical flow structure. It seems that the collapse of A2 in the 
DNS result is somewhat quicker than that in the experiment. Though the basic physics of vorticity 
has clearly explained the cause of the rapid collapse of A2 (which occurring in both DNS and 
experimental results), the cause of the quicker collapse of A2 in the DNS than in the experiment is 
not clearly understood to us. 

The observation from the calculated data shows extraordinary similarity to that observed in 
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Fig. 4. The direction of the cylinder force on the shear layers during the backward and forward strokes. 

(a) (b)

Fig. 4. The direction of the cylinder force on the shear layers during the backward and forward stokes.
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experimental data (Xu et al., 2006). The good agreement provides a validation for the present DNS 
scheme. Note that the measured vortex street appears laminar at Re = 500, which is different from 
the DNS data (Re = 300). This should not invalidate the comparison; Zdravkovich (1997) and 
Griffin and Ramberg (1976) suggested that, as the oscillation of a cylinder exceeds a threshold 
amplitude, the oscillation amplitude and frequency may become the governing parameter of the 
flow regime within a certain range of the free-stream velocity, instead of Re. Note that the present 
A/d (= 0.5) is significantly higher than the threshold amplitude A/d = 0.07 for fe/fs = 1.8 (Griffin and 
Ramberg, 1976). 

 

 
 

 
In order to calculate the drag and lift coefficients, the pressure around the cylinder is 

obtained through the integration of the following equation,  
nunanp

body

���� ⋅∇+⋅−=∂∂ 2/ μρ ,                                                                                                  (5) 

where a�  is the acceleration of the oscillating cylinder, μ is the viscosity and n�  is the unit normal 
vector of the cylinder surface.  This approach may better account for the non-inertial (added mass) 
and curvature effects on the pressure around the cylinder. Though the contribution of added mass 
effect on the drag (fluctuating) was not calculated separately, it could be mentioned that the 
contribution depends on fe/fs, and it becomes small as resonance occurs (Sarpkaya, 1979; Nishihara 
et al., 2005).  
 The first order approximation would be 0/ =∂∂

body
np . The lift and drag are obtained by 

integrating the pressure around the cylinder. The calculated root mean square (rms) lift coefficient 
'
LC  (Fig. 5) is extremely small, about 0.005, essentially zero, which is consistent with the flow 

structure symmetrical about the centerline. However, the instantaneous drag coefficient DC  varies 
from -2.4 to 5.2 periodically. The negative DC  accounts for about 77 % in time during the forward 
stroke, conforming to the fact that the relative velocity of fluid with respect to the cylinder is right 
to left for part of the forward stroke, as discussed earlier. The rms drag coefficient '

DC  is about 2.68, 

Fig. 5. Time histories of drag (upper) and lift (lower) coefficients. 
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significantly larger than that on a stationary cylinder. Two reasons account for such a large '
DC . 

One is the generation of vortex A1 on the after-body of the cylinder during the backward stroke and 
the other is the formation of vortex A2 on the fore-body during the forward stroke. Symmetric 
periodic vortex formation should corresponds to a higher '

DC  than periodic alternating vortex. 
Okajima et al. (2001) observed a large amplitude of inline oscillation of an elastic cylinder (Re = 
0.8×104 ~ 4×104) for the reduced velocity range of 2.5 - 3.3, corresponding to fe/fs = 2 – 1.5. The 
cylinder oscillation was attributed to the formation of symmetrical vortex shedding from the 
cylinder, which is consistent with the large fluctuating drag observed presently. The time-averaged 
drag DC  on the oscillating cylinder is estimated to be 1.4, close to that (1.37) on a stationary 
cylinder at Re = 300 (Nobari and Naderan, 2006). 

The power spectral density functions, ECD and ECL (Fig. 6), of DC  and LC  both display a 
pronounced peak at fd/U∞ = 0.36, which is below twice the non-dimensional frequency, 0.2, of vortex 
shedding from a stationary cylinder. It has been confirmed that the frequency of vortex shedding 
from the oscillating cylinder is identical to the oscillating frequency, that is, the vortex shedding 
frequency is modified and locked in with the cylinder oscillation.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
In order to determine whether the lock-in is stationary or how much it is stationary, it is 

pertinent to analyze the time-frequency relationship of the DC  signal. The Fourier transform 
provides averaged spectral coefficients that are independent of time. If the Fourier transform is 
employed to analyze a signal, information on the dependence of frequency and power intensity on 
time will be lost. The wavelet analysis may be used to produce a potentially more revealing picture 
of the time-frequency-power localization of the signal. This technique has been used to analyze 
effectively the flow structures in the literature, e.g., Rinoshika and Zhou�(2005a, b). Fig. 7 shows 
the time-frequency analysis result of the DC  signal by using Morlet wavelet with a wave number of 
6. See Alam et al. 2005 for the details of the wavelet analysis. Evidently, the dominant frequency 
and power intensity at this frequency are unchanged along the whole signal, indicating that the 
flow structure generated in a period is repeated in the next period. 

4. Conclusions 
The flow around a streamwise oscillating circular cylinder has been investigated based on two-
dimensional direct numerical simulation. The investigation leads to the following conclusions.  

Firstly, the DNS data at A/d = 0.5 and fe/fs = 1.74 display a symmetrical binary vortex street 
generated by the oscillating cylinder, in excellent agreement with experimental data obtained 
under similar conditions. The agreement indicates that the presently developed DNS scheme can be 
used to calculate reliably flow around a cylinder oscillating at relatively large amplitude and 
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frequency ratios.  
Secondly, the formation and evolution of the binary vortex has been analyzed and discussed 

in detail. The analysis indicates that the positive-signed structure within the binary vortex (above 
the centerline) should decay faster than the negative-signed structure, which is consistent with the 
experimental observation. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
Thirdly, the DNS data indicate that the time-averaged drag on the oscillating cylinder is 

almost the same as that on a stationary cylinder. However, the fluctuating lift coefficient 
approaches zero (0.005), whilst the fluctuating drag coefficient on the cylinder has been increased to 
2.68. Apparently, the binary vortex street symmetrical about the centerline is responsible for the 
zero fluctuating lift. This observation may have a profound implication on flow control. For instance, 
a cylinder may be forced to oscillate longitudinally such that a downstream engineering structure, 
bombarded by symmetrical vortices, will experience zero fluctuating lift.  
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